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  Abstract  

  In this paper methods of construction of some class of 
Generalized Directed Association Scheme from complete 
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1. Introduction :  

1.1 Association Scheme: An Association Scheme on a finite set X is define as a patition                      

𝐶 = {𝐶1, 𝐶2, 𝐶3, … , 𝐶𝑛} of 𝑋 × 𝑋 which satisfies the following properties: 

(i) C0 = {(x, x): x ϵ X} 

(ii) For each i ϵ {1,2,3, … , n} Ci = Ci
−1 where Ci

−1 = {(y, x): (x, y) ∈ Ci}. 

(iii) There exist a non negative integer pij
k    for 0 ≤ i, j ≤

n  such that for  (x, z) ∈ Ck , the number of elements in the set S =

{y: (x, y) ∈ Ci and (y, z) ∈ Cj} 

(iv) is equal to pij
k  and this value is independent of the choice of (x, z) ∈ Ck. 

(v) (Vide [1] and [2]) 
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1.2 Generalized Directed Association Scheme (GDAS): In 2011 Singh and Manjhi defined a 

generalization of association scheme known as Generalized Directed Association Scheme 

(GDAS) as a collection },...,,,{ 321 mCCCCC   of subsets of 𝑋 × 𝑋 on a finite set X which 

satisfies the following properties: 

(i) XXC
n

i i 
 1

 

(ii) There exist a non negative integer 𝑝𝑖𝑗
𝑘   𝑓𝑜𝑟 0 ≤ 𝑖, 𝑗 ≤ 𝑚 such that for (x,z)∈ Ck  

the number of elements in the set S = {y: (x, y) ∈ Ci and (y, z) ∈ Cj} is equal 

to pij
k  and it is independent of the choice of (x,z)∈ Ck   

Another definition of GDAS in terms of adjacency matrices 𝑀1, 𝑀2, 𝑀3, … , 𝑀𝑛 of 

𝐶1, 𝐶2, 𝐶3, … , 𝐶𝑛 respectively took the following form: 

(i) ∑ 𝑀𝑖
𝑛
𝑖=1 = 𝐽 = 𝑎𝑙𝑙 𝑜𝑛𝑒 𝑚𝑎𝑡𝑟𝑖𝑥 𝑜𝑓 𝑜𝑟𝑑𝑒𝑟 |𝑋|, where X is the finite set over 

which GDAS is defined. 

(ii) integers. negative-non are  where
1

p
k

ij

m

i

k

ijji PMM 


  

(Vide [3]) 

1.2 Bipartite graph: A bipartite graph is a simple graph in which vertices can be 

divided into two parts so that every edge connects a vertex of one part to a vertex 

of another part. 

Example: 

 

1.3 Complete bipartite graph: A complete bipartite graph is a bipartite graph in which 

each vertex of one part is connected by an edge to each vertex of another part. The 

division of set of vertices is called bipartition. If a complete bipartite graph has 

bipartition (X, Y) with srX  Yand then it is denoted by 𝐾𝑟,𝑠   . 
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For example: 𝐾5,3 is 

 

   
1.4 Complete n-partite graph: A complete n-partite graph is simple graph in which set 

of vertices can be divided into n-parts nXXXX ,...,,, 321 so that each vertex of iX is 

connected by an edge to each vertex of n}.,{1,2,3,...ji, and  jiforX j  

Example of a tripartite graph  𝐾3,3,3 is 

 
Reference for 1.3, 1.4 and 1.5 is [4] 

2. MAIN WORK: 

 

In this paper I forward methods of construction of a class of Generalized Directed 

Association Scheme (GDAS) from complete bipartite graph  𝐾𝑛,𝑚 . 

2.1 construction of a class of Generalized Directed Association Scheme from 

complete bipartite graph  𝐾𝑛,𝑚 

Consider  𝐾𝑛,𝑚  where },...,,{Xand},...,,{ 212211 mn vvvuuuX  are bipartition of 

the set of vertices },...,,,,...,,{ 2121 mn vvvuuuX  and construct the following four 

sets:  

 

},:),{(

},:),{(

}Xxand:),{(

}Xyand:),{(

24

13

212

211

XyxifyxC

XyxifyxC

XyifyxC

XxifyxC









 

Let 4321 Mand,, MMM be adjacency matrices of 4321 and,, CCCC respectively 

then  











00

0
1

nmJ
M  , 










0

00
2

mnJ
M  , 










00

0
3

nnJ
M  and 










mmJ
M

0

00
3  where uvJ  

is a all 1 matrix of order vu   },{, mnvu  and 0 are the zero matrices of suitable 

size so that each )4,3,2,1( iM i is a square matrix of order )( nm  . 
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We see the following calculations: 

                   

4

2

43

2

3

2

3443

22442

23232

14141

11331

412321

3,2.8

2,10.7

0.6

3,0.5

0,.4

0,.3

,0.2

,.1

MMMM

iforM

MMMM

MMMMM

MMnMMM

MMmMMM

nMMMMM

nMMMmMMM

i
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Here we see that each product })4,3,2,1{,( jiMM ji
is a linear combination of 

4321 Mand,, MMM   

 GDAS.ais},...,,,{Therefore 321 mCCCCC   
2.2 construction of a class of Generalized Directed Association Scheme from 

complete bipartite graph  𝐾𝑛,𝑛 

Consider  𝐾𝑛,𝑛  where },...,,{Xand},...,,{ 212211 nn vvvuuuX  are bipartition of the 

set of vertices },...,,,,...,,{ 2121 nn vvvuuuX  and construct the following two sets:  

12

21211 }:),{(

CXXC

XxandXyorXyandXxyxC




 

Let 
21 and MM be adjacency matrices of 

21 and CC respectively then  











0

0
1

n

n

J

J
M  and 










m

m

J

J
M

0

0
2  where uJ  is a squre matrix with each entry 

1 },{ mnu and 0 are the zero matrices of suitable size so that each 

)4,3,2,1( iM i is a square matrix of order )2( n . 

We see the following calculations: 

2,1.2

.1

2

21221





iforMM

MMMMM

ii

 

Here we see that each product })2,1{,( jiMM ji
is a linear combination of 

21 MandM   

 GDAS.ais},{Therefore 21 CCC   
2.1 construction of a class of Generalized Directed Association Scheme from 

complete n-partite graph 


termsn

nrrrK ,...,, 21
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Consider 


termsn

nrrrK ,...,, 21
  where )...,3,2,1(},...,,{ 21 niuuuX

i

r

ii

i i
 are n-partition of 

the set of vertices 
n

i iXX
1

 and construct the following 2n  sets:  

 

....,4,3,2,1},:),{(

}and:),{(

niXyxyxC

jiforXyXxyxC

iii

jiij





 

By the above method we can show that these 2n sets form a GDAS over the set of 

vertices X. 
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